ASCENT OF A TURBULENT AXISYMMETRIC THERMAL
IN A NONUNIFORM COMPRESSIBLE ATMOSPHERE
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An entire range of physical and mechanical effects accompanies the evolution of clouds
of light or heavy gas formed in the atmosphere in a gravitational field. Examples of such
clouds are those formed by volcanic eruptions, surface and air explosions, and sudden
releases of gases in industrial operations. The study of these effects is important for the
solution of important problems in ecology, atmospheric physics, vulcanology, the theory of
combustion and explosion, and explosion and fire safety.

The motion of a cloud of hot gas (a thermal) in a stably stratified atmosphere has been
studied by many investigators both experimentally and theoretically., Three main stages of
ascent of the thermal are usually distinguished. In the initial stage, a toroidal vortical
flow is formed. Heated gas rising due to buoyancy induces motion in the surrounding medium.
Here, the cloud acquires its characteristic mushroom shape, with a sharp leading temperature
edge. In the next stage of ascent, the shape of the cloud remains roughly the same, while
the coordinate of its upper edge increases over time in accordance with the law zg A etz
This stage has been termed the similarity stage, although a similarity solution leading to a
fundamental law of ascent has been constructed only in a Boussinesq approximation for the
case of uniform atmospheric stratification. Finally, at the concluding stage of motion of
the thermal, the presence of stable atmospheric stratification leads to slowing of the ascent
and suspension of the gas. Here, the thermal undergoes decaying oscillations about the point
of suspension.

The dynamics of the ascent of thermals was first studied with the use of unidimensional
models which employed characteristics of the cloud averaged over its volume and entailed
additional hypotheses on the character of entrainment of the environment into the body of the
thermal [1-3]. More complete multidimensional models were studied by asymptotic and approxi-
mate methods. With the development of computer technology, it became possible to perform
detailed numerical calculations of the evolution of thermals. Meanwhile, most investigations
used the system of equations of an incompressible fluid in the Boussinesq approximation. The
most complete analytic and numerical study of an axisymmetric turbulent thermal on the basis
of this model was completed in [4]. Each stage was examined separately, and the different
solutions were joined together. '

Calculations based on the Navier—Stokes system of equations for a compressible gas have
been used to study the beginning of motion — the formation of a vortex ring [5, 6] — as
well as the ascent and interaction of a pair of thermals [7], physicochemical processes in
thermals due to the presence of a chemically active or inert disperse impurity in the cloud
[8, 9], the thermal-type flow which develops in the combustion of a horizontal layer of fuel
[10], and the removal of aerosol particles into the stratosphere by a hot thermal {1i]. A
more detailed review and bibliography are given in [4,. 12].

It should be noted that despite the substantial number of studies devoted to the numeri-
cal modeling of the evolution of thermals, it is of great interest to study more complete and
more complex models which consider both thermal and gravimetric compressibility, the presence
of an underlying surface and wind, and the effect of different degrees of temperature strati-~
fication of the atmosphere. The choice of the effective transport coefficients, accounting
for the turbulent character of the flow, must be substantiated. It is also necessary to
develop numerical methods that will make it possible to completely calculate convective flows
in the atmosphere with a large vertical scale.

Here, we use the Navier——Stokes equatioﬁs for a viscous and compressible thermally con-
ducting gas to numerically study the ascent of an axisymmetric turbulent thermal in a strati-
fied atmosphere. The values of the turbulent transport coefficients are chosen from the
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condition of agreement between experimental relations and a theoretical law describing the
ascent of the upper edge of a thermal at the similarity stage of motion.

1. Let a stationary spherical cloud of heated gas (thermal) form at the initial moment
above a plane horizontal surface. Under the influence of buoyancy, the cloud begins to rise.
The problem consists of calculating all stages of evolution of the thermal up to the point of
temperature equalization,

We introduce a cylindrical coordinate system (r, z) whose origin lies on the underlying
surface under the center of the thermal. We also introduce dimensionless variables, having
chosen as scales the initial radius of the cloud R and the velocity /ﬁgj time /§7§, density,
temperature, and pressure of the undisturbed atmosphere at the surface po, To, Po = PoRoTo
(the gas is assumed to be ideal; g is acceleration due to gravity; Ro is the gas constant.

The nonsteady axisymmetric motion of a viscous, compressible, thermally-conducting gas
in dimensionless variables is described by the following system of equations:

dp . . d_ 9 .
G tedivli=0 (Zﬁ=?ﬁ+(U'V))’ (1.1)
du 1 1 1 ; .
poe = — LW+ of + g [AU + V@iV O (1.2
dar :
po = —(@—1NpdivU+ gls AT, p=oT; (1.3)
M2 = Rg/yR,T,, Re= R VRgpym, v=-cpev,

to o & (1.4)
Pr=cop/d, £=(0,—1), U=(Q,v), A—-7a—rra—r Pyl

where t is time; p, U, p, and T are the density, velocity, pressure, and temperature of the
gasy M, Re, and Pr are the Mach, Reynolds, and Prandtl numbers; n and X are absolute vis-
cosity and thermal conductivity; cp and cy are the heat capacities of the gas at constant
pressure and constant volume.

For the clouds being examined, having the radius R v 10%°-10® m and an initial tempera-
ture Te ~ (10-20)To, at their center, the Reynolds number obtained from the molecular vis-
cosity of air Re v 10%°-10'° (n/po ~ 10™' cm®/sec). The Rayleigh number, characterizing
the rate of convection, is Ra = Re®Pr(T. — T,)/To ~ 10'7-10%', As experiments have shown
[4], motion is of a developed turbulent character at such values of Ra. This is taken into
account by introducing effective (''turbulent'') constant values in place of the laminar
transport coefficients. Thus, the values of Re and Pr in (1.2), (1.3) represent turbulence
analogs of the corresponding laminar criteria.

The evolution of the cloud is conveniently followed by introducing a passive (not hav-
ing a reciprocal effect on the motion of the gas) impurity whose concentration c = p./p (p2
is the density of the impurity) satisfies the equation of convective turbulent diffusion

apc . p 1
57 T div(pcU) = FeSe Ae. (1.5)

In (1.5), it was assumed that the diffusion coefficient D ~ 1/p, while Sc = n/eD is the tur-
bulence analog of the Schmidt number. In the calculations, we took Sc = Pr.
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The initial conditions have the form
t =0, T(r, 2) = Tolz) -6 exp [—(? + (z — HP)],
p(r, z) = pal2), Po(Ts z) = exp ['—(r2 + (z — H)2)]’ (1.6)
U= 01 P(ry Z) = P(r, z),’T(r, Z),
which corresponds to a stationary spherical cloud of heated gas located at the altitude H.
The spatial distribution of the excess temperature is Gaussian, the characteristic radius of
this distribution having been chosen as the length scale. In (1.6), T, and py are the height-

wise distributions of the temperature and pressure of the undisturbed atmosphere; 8, is
the initial excess temperature at the center of the thermal.

The boundary conditions account for the symmetry on the axis and adhesion of the gas to
the underlying surface, which is adiabatic and impermeable for the passive impurity. The
boundary conditions also include the absence of perturbations at infinity. The conditions
are written in the form

r=0,u=0 0p/or=0 (p={o, v, p, T, c}),
z2=0,U=0, 0T/0z =0, 0c/0z =0, r* + 2> > 0, U = 0, 1.7)
p=pa T =Ta p=0a ¢=0.

The temperature stratification of the atmosphere was assigned in accordance with the
model of the international standard atmosphere [4]. In dimensional variables

dar '
g a gy _
£+
(the parameter N? determines the stratification of the medium). Up to the tropopause (its
altitude Hy = 10-16 km, depending on the latitude and time of year), N? = NI = const = 1.2*
10~ “sec™?. Above the tropopause, N° = N2 = const = 4,4:107“sec™?. 1In dimensionless vari-
ables, Eq. (1.8) takes the form :

(1.8)

4 [dT
T—a(d—; + =M=k k=NRig.

The pressure distribution py(z) was found from the known temperature field T,(z) by
integration of the equation of hydrostatic equilibrium dpa/dz = —YM?p, = —yM?p,y/T, (P, is
the density distribution of the undisturbed atmosphere).

"It should be noted that the compressible-medium model being considered makes it pos-
sible to correctly describe the initial section of the ascent of a thermal when there is a
large difference between the densities of the thermal and the surrounding atmosphere (the
Boussinesq approximation being invalid). The model also allows description of the evolution
of large thermals rising to great altitudes, when a large role begins to be played by static
(gravimetric) compressibility — the change in the density of the atmosphere with altitude.

2. In selecting the values of Re and Pr, we used an approach similar to that developed
in [4]. As experiments have shown, the following relation is valid on the similarity section

of the ascent

60



i if7

Y Ead

40+ IR A

frors="
PR U N

- /f?’\bl/////

—————— — ST A — =

el

20- \15/\\} e
A PPr
TAVANAS
v=0,08 2, AV N N
NN - .-
0 5
T T T
30 20 10 0
Fig. 4
Zo— Z, A 435115412, (2.1)

where ze is the coordinate of the upper edge; zo is the position of the virtual sourcej I,

is the initial reserve buoyancy of the cloud [4, 13]. Thus, the theoretical turbulent trans-
port coefficients can be chosen by comparing the similarity coordinate of the upper edge

Te = (dze/dt*/?)Ng*/* with the experimental value Ze a 4.35.

The value of Ilp, calculated in terms of the heat of formation of the thermal Qo from
the formula I, = gBQo/(ZWDacp) (B = 1/Ty), in an analysis of empirical data in [4, 13},
occurs naturally in the use of the Boussinesq approximation: in this case, buoyancy is the
motion integral for the initial and similarity stages together with Qo,. It was shown in

[12] that, for a compressible gas, only the thermal energy Oo==2”5 Spqﬂ?’—-Tgrdrdz is con-
00
served at these stages. With the intention of comparing the results of calculations of the

motion of a thermal in a compressible medium with empirical relation (2.1), we transform the
latter so as to include the energy Qo conserved during the process. Then 2o — 2o= 4.35 x

(2§?c QJ”‘H” or, in the dimensionless variables introduced in Part 1,
Jap

T 2.2
te— 20 2 435102, I, = [ {07 — Toyrards, (2.2)
o0

Here, ge = (dze/dt*/?)I5'/% . Empirical relation (2.2) was used to select theoretical values
of Re and Pr by comparison with a sufficiently general criterional relation calculated in
[12] and having the form Zg = f£(Gr, H), Gr = Ra/Pr. This relation is valid with a broad
range of initial conditions. The question of the determination of turbulent transport coef-
ficients that will ensure agreement of the law of ascent of the upper edge of the cloud
with experimental findings was examined in detail in [4, 12] for compressible and incompres-
sible media, respectively.

Problem (1.4)-(1.7) was solved numerically by a finite-difference method using an
implicit three-~level branching scheme [14] which was modified in {12] to improve the conser-
vative properties. The calculations were performed on moving nonuniform 40 x 50 grids with
the use of a variable time step. Calculation of one variant to the suspension point required
2.5 h, while calculation of the complete variant required 4-5 h of machine time (ES 1055
computer).

3. Thorough calculation of all stages of evolution of the thermal was performed for the
dimensionless parameters y = 1.4, M = 0.23 (1/yM® = 13.5), Re = 20.4, Pr = Sc = 1.0, H =
2.63, ©, =210, k, = 7.27-107%, k, =2,66-10"2, Hy = 26.9. These parameters correspond,
for example, to the cloud formed by an explosion of the power W = 4,18-10° MJ at an eleva-
tion of 1560 m (R = 594 m, To = 273 K, po = 0.1 MHPa).

The dynamics of the ascent of the upper edge of the thermal is shown in Fig. 1 in the
form of the relation ze(tl/z): the solid curve shows theoretical results, the points and
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dashed line show experimental data [1, 15], and the horizontal dashed line shows the position
of the tropopause.

All of the above-described main stages are seen in succession in the ascent of the ther-
mal. In the initial stage (t<5.9), the thermal is "acclerated" and makes a smooth tran-
sition to the similarity stage (5.9<{t< 19.5). The similarity stage is characterized by
the presence of a linear section of the relation ze(tl/z). Then the suspension stage begins.
This stage was calculated until half the period of the first oscillation.

Good agreement was obtained between the experimental and theoretical results over a
large time interval. The curves begin to diverge markedly at the suspension stage. An analy-
sis of the empirjcal relation [1, 15] shows that, beginning with an altitude of about 16 km,
there is an increase in the rate of ascent of the thermal. However, in the calculations, its
rate of ascent decreases monotonically. Thus, the altitudes at which the thermal is suspen-
ded turn out to be different. The difference in the results for high altitudes is evidently
due to the fact that the theoretical value of the stratification parameter does not conform
to the experimental value (there was no such data in [1, 15]). It should be noted that at
the suspension stage, when the temperature of the cloud is close to the temperature of the
atmosphere and the rate of convective motion generated by the thermal is low (for the speci-
fic example examined above, the velocity of the gas at this stage does not exceed 10-15 m/sec,
while it is 100-160 m/sec at the initial and similarity stages), such neglected factors as
wind, updrafts, etc. may have a significant effect.

Let us proceed to detailed examination of the individual stages of evolution of a ther-
mal. In the initial stage, the heated gas induces the surrounding medium to move, which in
turn leads to the formation of a toroidal vortex flow. Here, the initially spherical cloud
is transformed into the characteristic mushroom-shaped structure. The regions of maximum
temperature and maximum density of the impurity are located near the symmetry axis. The
maximum rate of ascent (v ~ 2.1-2.2) of the gas is attained on the axis. The structure of
the thermal at the moment t = 4.49 is shown in Fig. 2. Isolines of excess temperature 6 =
T— Tas (® = 0.13, 0.26, 0.39, 0.52, 0.65; curves 1-5) are shown on the left, while iso-
lines of the density of the impurity p, are shown on the right. The arrows indicate the
velocity field. Here and below, the values of p. on the isolines are equal to 1/6, 3/6, and
5/6 of the maximum value of the quantity pa.p at the given moment (at t = 4.49, pzam = 0.10).
The same pattern holds for the isolines in Figs. 3-6.

At the similarity stage of ascent, the cloud expands and remains roughly the same in
shape as previously. The toroidal vortex increases in size and rises together with the ther-
mal. The regions of maximum temperature and maximum density of the impurity move from the
axis to the periphery. Meanwhile, as was noted in [6], the center of vorticity does not
coincide with the hottest region. Although the gas in the cloud cools, supercooling does
not occur. The temperature of the thermal remains higher than the temperature of the atmos-
phere. The structure of the flow at the moment ¢t = 14.7 is shown in Fig. 3 (® -10% = 0.8,
1.7, 2.7, 3.7, 4.6; lines 1-5, p,p = 1.4-1072).
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The final stage is characterized by relatively small temperature gradients, At this
stage, a large role begins to be played by stratification of the atmosphere; stable strati-
fication (N® > 0) results in suspension of the cloud at a certain altitude, with the cloud
undergoing thermogravitational oscillations relative to this equilibrium position [4].

The intensive ascent of the gas formed near the axis in the flow in the first two stages
leads to a situation whereby the gas passes through the equilibrium position with respect to
inertia and is supercooled relative to the atmosphere. The temperature field undergoes
inversion: a region with a lower temperature is formed on the symmetry axis, while hotter
gas is located at the periphery. As before, the velocity field is toroidal (a single vortex
with gas rising at the axis and descending at the periphery).

Subsequent continuing ascent of the gas leads to complete supercooling of the cloud and
the nucleation of a secondary vortex above the first vortex. The rotation in the second
vortex is opposite the rotation in the first vortex. The point of maximum ascent of the
cloud corresponds to a system of two vortices of roughly equal intensity (Fig. 4: t = 39.5;
®-10%* = -2.6, -1.9, -1.4, —0.8, —0.3; lines 1-5, Pom = 2.5°107%), Since the cloud
now contains colder, heavier gas, it begins to descend under the force of gravity. Here,
the initial vortex is shifted to the periphery, while the secondary vortex expands. The lat-
ter embraces the axial region, where a descending gas flow is formed (Fig. 5, t = 56.6,
6-10° = -7.0, =3.7, —=0.4, 3, 6.3; lines 1-5, p,p = 2.3:107%)..

The subsequent evolution of the vortex pattern is similar to that described above. The
cloud again passes through the inertial equilibrium point as it descends and is then super-
heated with respect to the atmosphere. A system of oppositely-twisted vortices is again
formed at the lowest point (Fig. 6: t = 73.5; ©-10% = -0.8, 1.5, 3.7, 5.9, 8.2; lines 1-5,
pam = 2.2-1073%), the gas begins to ascend on the axis and 1lift the thermal, etc.

Thus, thermogravitational oscillations of the cloud are accompanied by the formation of
a periodically restructured system of large-scale vortices in which the direction of rotation
of the main vortex changes (reverses). The uppermost and lowermost positions of the cloud
correspond to a system of oppositely-twisted vortices, while the moments at which the equili-
brium position is passed correspond to the presence of one vortex in which the axial direc-
tion of the gas coincides with the direction of the cloud.

It was noted in {4] that the stratosphere more strongly suppresses ascending convective
flows, since the air above the tropopause is nearly isothermal and the gas more quickly loses
buoyancy. As a result, when the thermal reaches the stratosphere, the cloud is intensively
""diffused’'' over the tropopause. The sample through calculation described in the present
article pertains to the case when the main part of the thermal at the suspension stage is
located in the troposphere. Thus, this diffusion is not manifested.
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ASYMPTOTIC ANALYSIS OF INVISCID PERTURBATIONS
IN A SUPERSONIC BOUNDARY LAYER

V. R. Gushchin and A. V. Fedorov UDC 532.526

Inviscid perturbations play an important role in the linear theory of stability of
supersonic boundary layers. These perturbations are described by nonsteady linearized Euler
equations [1, 2]. In numerical calculations conducted in [3] for inviscid two-dimensional
perturbations in a plane-parallel boundary layer on a thermally insulated plate, it was found
that for incoming flows with a Mach number M >3 , other modes besides the first unstable
mode are manifest. The number of modes increases rapidly with an increase in M, the short-
wave (high-frequency) part of the spectrum being filled here. It was found in experiments
[4] that the second mode begins to dominate the first mode in the boundary layer on a cone
for M>56 . The author of [5] recorded unstable high-frequency perturbations in super-
sonic flow about a cone. In [1], it was suggested that these disturbances are associated
with .the third and higher modes. The question of the role of higher modes in the agitation
of a supersonic boundary layer has not yet been resolved. In connection with this, it is
intére§ting to study thedlr properties both theoretically and experimentally.

Here, we perform an asymptotic analysis of inviscid perturbations in a shortwave approx-
imation. We find the dispersion relation and, eigenfunctions for neutral modes with large
numbers. Numerical calculations are performed to obtain the stability characteristics for
the first four modes in a plane-parallel boundary layer with ¥ = 8, It is shown that the
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